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Limbless crawling is ubiquitous in biology, from cells to organisms. We develop and analyze a model for
the dynamics of one-dimensional elastic crawlers, subject to active stress and deformation-dependent friction
with the substrate. We find that the optimal active stress distribution that maximizes the crawler’s center-of-mass
displacement given a fixed amount of energy input is a traveling wave. This theoretical optimum corresponds to
peristalsislike extension-contraction waves observed in biological organisms, possibly explaining the prevalence
of peristalsis as a convergent gait across species. Our theory elucidates key observations in biological systems
connecting the anchoring phase of a crawler to the retrograde and prograde distinction seen in peristaltic
waves among various organisms. Using our optimal gait solution, we derive a scaling relation between the
crawling speed and body mass, explaining experiments on earthworms with three orders of magnitude body
mass variations. Our results offer insights and tools for optimal bioinspired crawling robots design with finite
battery capacity.
DOI: 10.1103/PhysRevE.106.024610

I. INTRODUCTION

Limbless crawling is a form of locomotion performed
by various organisms, including planaria, leeches, nemertea,
aplysia, snails, chitons, earthworms, and larvae [1–5]. Crawling motion is also observed in motile cells during embryonic
development, cancer metastasis, healing, and inflammation [6]. Limbless crawlers move using muscular contractionextension waves across their body, and the interaction with the
substrate [3]. Caterpillars and millipedes also perform limbless crawling, with legs functioning as anchors responding to
the body’s extension contraction [2]. This type of locomotion
is helpful in harsh terrains and cramped spaces, generating
interest in the biomimetic-robots community for applications
in search and rescue, endoscopy, and burrowing [7–13].
Out of the infinitely many possible gaits for limbless
crawlers, a natural question is why these systems exhibit a
particular one, made of extension-contraction waves [1,5].
The existence of peristaltic waves as a convergent evolutionary trait across various organisms points to a strong selection
pressure. To analyze this question, we derive a theoretical
continuum framework for the dynamics of a limbless crawler.
Our work allows for a continuum description and analysis
of crawling organisms and soft robots, adding to the existing literature modeling crawlers as metameric (or discrete)
systems [9,14,15]. We analytically derive optimal locomotion
strategies that are the most energy efficient. In addition to
addressing the question of constrained evolutionary optimization, our findings are relevant for biomimetic crawling robots,
as one fundamental constraint for mobile robots is the finite
battery capacity [14,16]. Several studies have dealt with the
optimization of crawler gaits with prior assumed functional
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forms of actuation or have done so in models with finite
degrees of freedom [9,14,17].
We provide the exact form of the optimal extensioncontraction waves and the active stress distribution required to
achieve it. The energy-efficient nature of these wave solutions
may explain why we observe such gaits as convergent evolutionary traits, and aid optimal soft robots design. Our model
also explains the difference between crawlers with prograde
and retrograde peristaltic waves, where prograde waves move
from tail to head as in Nereis diversicolor, and retrograde
waves move from head to tail as in earthworms [18,19].
Our analytical result for the velocity of the peristaltic wave
precisely relates the anchoring behavior of the crawler with
the prograde or retrograde motion. Using our optimal gait
solution, we find a scaling law between the crawling speed
and body mass, and compare it with experimental data on
earthworms with three orders of magnitude body mass variations [20].

II. METHODS

We model crawlers as an active one-dimensional continuum that can move in one dimension [1,2]. To move forward,
the crawler exerts a backward force on the underlying substrate via the formation of anchors across its body. The
anchors’ modulation allows both holding and moving body
segments on the substrate. Such modulation arises by coupling anchoring to stretch along the body. We use the “p
model” [9,14] to describe the simplest substrate anchoring
behavior, in which the strain controls the anchoring strength.
The frictional force is viscous and satisfies the relation
f (x, t ) = −γ g p [E (x, t )]v(x, t ),

mserra@ucsd.edu

2470-0045/2022/106(2)/024610(6)

024610-1

g p (E ) =

1
, (1)
(1 + E ) p

©2022 American Physical Society

SREEJITH SANTHOSH AND MATTIA SERRA

FIG. 1. (a) Stretch-dependent friction coefficient g p (E ) =
with p > 0 and p < 0.
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where x is the one-dimensional (1D) coordinate along the
body, t is the time, E (x, t ) is the strain, v(x, t ) is the velocity,
anchoring phase p ∈ (−∞, ∞), and γ is the coefficient of
substrate friction. For p = 0, friction reduces to the Newtonian model of viscous drag. For p → ∞, this friction model
produces an idealized condition in which no force opposes slip
when the body is extended (E > 0), and it can withstand any
tangential force when it is contracted (E < 0), and vice versa
for p → −∞. This friction model is inspired by earthworm
setae (Fig. 1), which protrude when the body is axially contracted resulting in a higher resistance. This model has been
used [9,14,21] to describe metameric robot kinematics, which
exhibits earthworm-setae-like frictional dynamics. Different
species have different anchoring behavior which are usually
modulated by E (x, t ) [5]. We generalize p ∈ (−∞, ∞) to accommodate these wide varieties of anchoring behavior, even
though Eq. (1) was originally derived for earthworm-setae
friction dynamics, which has p > 0. The equation of motion
(EOM) of a 1D continuum where inertia forces are negligible
follows from the linear momentum balance
f (x, t ) +

∂m(x, t ) ∂[kE (x, t )]
+
= 0,
∂x
∂x

(2)

where f (x, t ) is the frictional force (1), m(x, t ) is the active stress, and kE (x, t ) is elastic stress generated across the
body where k is the constant elastic modulus. Because the
endpoints of the crawler move in a priori unknown locations, the Eulerian frame is not suitable, and we rewrite (2)
in Lagrangian coordinates, choosing the initial unstretched
state as the reference configuration. We denote by s ∈ [0, L]
any initial position
 t along the body with initial length L, and
by ζ (s, t ) = s + 0 v[ζ (s, τ ), τ ]dτ its corresponding time-t
position. The linear momentum balance (2) in the Lagrangian
frame [see Supplemental Material (SM) [22] Eq. (S1.1)] is
given by
γ ζt ζsa = ms + kζss ,

a = 1 − p,

(3)

where ζ(·) = ∂(·) ζ and m(·) = ∂(·) m. The force per unit body
length in the reference configuration (−γ ζt ζsa ) accounts for
both the change in the frictional coefficient (−γ ζt ζs−p ) and the
change in substrate contact length due to strain (−γ ζt ζs ). ms

(b) The “p model of friction” captures two different anchoring phases

and kζss are the active and elastic forces arising from spatial
variations of active stress and elastic strain.
III. RESULTS

The crawling system described by Eq. (3) moves by controlling the active stress generated across its body, typically
dictated by the nervous system in organisms [23,24] and control units in robots [25,26]. Various mechanisms can generate
active stress, ranging from actomyosin filaments in biology
to actuators in robotics. Given the infinitely large space of
strategies for m(s, t ), we seek the energy-optimal distribution of m(s, t ) to perform locomotion in limbless crawling
systems. We define optimality as moving the farthest using
a fixed energy reservoir. We find the optimal solution by
solving an infinite-dimensional variational problem [SM [22]
Eq. (S1.4)]. Given the nonlinear nature of the EOM, we use
perturbation series methods and solve the variational problem
[SM [22] Eqs. (S1.2) and (S1.5)]. We summarize our result in
Theorem 1. Previous work [14] derived an optimal gait similar
to our result (8), but with important distinctions which are
described in SM [22] Eq. (S1.9).
In SM [22] Fig. S1, we check the validity of our perturbation series solution by comparing the motion of the center of
mass from Eq. (7) with the one from the full nonlinear system (3) for various values of χ , and find increasing accuracy
for decreasing χ .
A. Comparison with biology of crawling organisms

The optimal traveling-wave solutions derived in Theorem
1 is observed in limbless crawling organisms. This particular
gait is known as peristaltic locomotion, which consists of
extension-contraction waves along the body. There are two
distinct peristaltic waves observed in nature: retrograde and
prograde waves. We explain this distinction using the analytical result for the velocity of the traveling wave given by
c = Lγa α , as defined in Theorem 1. We know from Eq. (7) that
if α < 0, the crawler performs directed motion in the positive
x axis. Depending on the value of a, peristaltic waves can
either be retrograde or prograde. a > 0 results in prograde
waves and a < 0 results in retrograde waves [Fig. 2(b)]. Using
this result, we can relate the anchoring phase (p) to the retrograde or prograde motion of the peristaltic wave for different
organisms.
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FIG. 2. (a) Snapshots of active stress m(x, t ), strain E (x, t ), and ζ com (x, t ) for a crawler performing optimal locomotion. The time evolution
of the dynamics is available in the Supplemental Material [22]. The top panel is the active stress m(s, t ) across the crawler. Parameters for the
simulation are a = −1, γ = 1, k = 1, H = 10, L = 1, T = 20, χ = 0.4, a1 = 1, an=1 = 0, bn = 0 ∀ n ∈ N + . (b) The anchoring behavior of
the crawler determines if the peristaltic motion is either retrograde (a < 0) or prograde (a > 0). Where the crawler is extended, two effects
increase the anchoring to the substrate: First, the stretch-dependent variation in the frictional coefficient ζs−p increases. Second, the contact
length increases with the substrate due to stretch-dependent density variation ζs . The dashed black lines are equally spaced in the undeformed
body configuration and aid the visualization of the mass density variation during motion.

Theorem 1. Consider a one-dimensional continuum whose dynamics satisfies Eq. (3). The optimal active stress distribution
m(s, t ) that achieves maximum center-of-mass displacement by time T given a fixed amount of total energy available, in the
small deformation limit, is given by the extrema of the following functional,
 T  L
 T L
 
1 T L
S=
ζt dsdt + α
ms ζt dsdt − V +
λ(s, t )(−γ ζt ζsa + ms + kζss )dsdt
L 0 0

  0 0 



 0 0

+
0

δζ com

T

energy input constraint

θ1 (t ){m(0, t ) + k[ζs (0, t ) − 1]}dt +


E OM



T
0

θ2 (t ){m(L, t ) + k[ζs (L, t ) − 1]}dt .


(4)

stress-free boundary conditions

Here, α, λ(s, t ), θ1 (t ), and θ2 (t ) are Lagrange multipliers and V is the total energy reservoir. The optimal m(s, t ) in the Fourier
basis [the general form of the optimal m(s, t ) is given by SM [22] Eq. (S27)] is given by
n=∞

m(s, t ) = χ γ

an
n=1

−

k
c

n=∞

{cos(qn ct ) − cos[qn (s + ct )]}
{sin[qn (s + ct )] − sin(qn ct )}
+ bn
qn
qn


an {sin[qn (s + ct )] − sin(qn s)} + bn {cos[qn (s + ct )] − cos(qn s)}
n=1

where 0 < χ  1 is a perturbation parameter controlling the stretching of the system ζs (s, t ) = 1 +
, n ∈ N + , and α is determined by the energy equation
qn = 2πn
L



n=∞
2L 3 γ 2 kα 2
2nπ Ta an2 + b2n
H = 2Lγ T 2 +
cos
,
2−
a2
L2 γ α
4
n=1

+ O(χ 2 ),
∞
i=1

χ i pi (s, t ), c =

(5)
a
,
Lγ α

(6)

where V = χ 2 H + O(χ 3 ), χ 2 2 is the initial kinetic energy, T is the total motion time, and an and bn are Fourier coefficients.
In the case of multiple roots {αi }, we select α such that δζ com (α) is maximum, where the total center-of-mass displacement is
given by

 2

n=∞
an + b2n
L3 γ 2 α2
2nπ Ta
com
2
sin
(7)
δζ (α) = χ −2Lγ αT 2 +
+ O(χ 3 ).
4π a n=1
L2 γ α
n
The strain experienced by the system under the optimal m(s, t ) is given by
ζs (s, t ) − 1 =

χ
c

n=∞

an {sin[qn (s + ct )] − sin(qn s)} + bn {cos[qn (s + ct )] − cos(qn s)} + O(χ 2 ).
n=1
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Proof. See SM [22] (S1.4)–(S1.6).

The stretch-dependent frictional force per unit length is
∝ζs−a (3) and it captures both the effect of stretch-dependent
variation in the frictional coefficient ζs−p and the mass density
variation with stretching ζs . The peristaltic wave is retrograde
for an earthworm, implying a < 0 and therefore p > 1. This
is consistent with biological observations where the substrate
friction increases where the earthworm’s body is contracted
(or denser). Similarly, for worms such as Nereis diversicolor,
where the peristaltic wave is prograde, we infer that their
anchoring behavior falls in the regime of p < 1. If p < 1, the
body segment anchors (increased friction) during extension
and performs a free slip (reduced friction) during contractions.
This is consistent with the biology of Nereis diversicolor,
where the anchors are formed in the extended part of the
body and let the body slide in contracted regions [18]. We
can extend this finding to snails and slugs, which perform
prograde peristaltic locomotion [1,5]. The mucus on the foot
of snails and slugs acts as a set of solid anchors in the extended
part of the body and lets the body slide in contracted regions.
Therefore even in organisms that perform peristaltic locomotion without using setaelike protrusions to generate frictional
anisotropy, our results provide insights into the underlying
anchoring behavior. Previous works [14,15] have shown similar results connecting anchoring behavior and the direction
of peristaltic waves for metameric descriptions of limbless
crawlers.
B. Scaling of crawling locomotion

We use our analytical results in Theorem 1 to study the
scaling behavior of the crawling gait with the body size.
From (7), the average crawling speed U normalized to the
body length L over a time period T [see SM [22] (S1.8)] is
given by
U =

δζ com
= −2aνA2 ,
LT

(9)

where A2 = χ c2 2 and ν is the stride frequency. We assume
that the modulation (a = 1 − p) of friction by strain (1) is independent of the body size. Since A scales with the strain wave
amplitude χac n and χbc n , its scaling behavior is constrained by
the maximum tensile stress, which is upper bounded by the
maximum stress that can be exerted by muscles [1]. Therefore,
the maximum sustainable strain of the elastic crawler body
depends on material properties and not on body size, hence
2

A ∝ M0,

(10)

where M is the body mass. Our argument is in agreement with
the experimental data on earthworm Lumbricus Terrestris (cf.
Fig. 6 in Ref. [20]). Using (10) and (9), we then find that
U ∝ ν, where ν is the stride frequency. To find the scaling
behavior of ν, we use the metabolic cost of transport (COT),
which is the energy required to move a unit mass per unit
distance [1]. The COT for the gait described in Theorem 1,
using isometric growth relations as reported in Ref. [27], is
given by [see SM [22] (S1.8)]
COT =

V
∝ ν.
Mδζ com

(11)

FIG. 3. Experimental data points (blue square dots) and experimental fit curve (red) of crawling speed δζ ˙com as a function of body
mass M, reproduced from Ref. [20]. The crawling speed δζ ˙com is
fit to a scaling curve δζ ˙com = A0 M d with A0 = 3.8 and d = 0.33
(correlation coefficient r 2 = 0.66 and p value < 0.001), consistent
with our analytical prediction (12).

We interpret the stride frequency of the earthworm to be
upper bounded by the COT (11) and lower bounded by the
crawling speed U (9). To understand this trade-off, assume
the scaling ν ∝ M d for d > 0. In this case, the gait becomes
energetically unfeasible for large M. Similarly, for d < 0, the
normalized crawling speed U would be undesirable (low) for
large M. For a crawler that optimizes for both U and COT,
the optimal scaling for ν would be ν ∝ M 0 , consistent with
the experimental results for the earthworm [20]. This helps
maintain a constant gait across a wide range of body sizes
without compromising on either U or COT, which is especially important for earthworms, as they grow by three orders
of magnitude [27]. Our efficiency-based argument agrees with
biological explanations [2], arguing that neural oscillators,
which are independent of body size, set the stride frequency ν
in earthworms. Using the scaling relation for ν and A in (9),
we obtain
U ∝ M0,

δζ ˙com = LU =

δζ com
∝ M 1/3 ,
T

(12)

resulting in the crawling speed δζ ˙com ∝ M 1/3 . Figure 3 shows
that our scaling relation for crawling speed explains the experimental data on earthworms [20], which measured the
crawling speed δζ ˙com for N = 41 earthworms with a body
mass M ranging from 0.012 to 8.5 g.
IV. DISCUSSIONS

The convergent evolution of peristaltic locomotion in taxonomically diverse limbless crawling organisms suggests a
selection pressure that operates across different physical and
physiological constraints [28]. We hypothesize that the major
selection pressure for limbless locomotion maximizes the organism’s displacement constrained to a fixed energy reserve.
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Since organisms live in complex environments, the selection
pressure can optimize for many different objectives. For instance, terrestrial snails and slugs propel themselves while
optimizing mucus production [29], which in turn induces gait
changes between “gliding” to “galloping” [30]. We devise
a model for limbless crawler dynamics and solve the constrained optimization criterion analytically. We find that the
optimal locomotion strategy is consistent with the peristaltic
gait observed in nature. The optimal active stress that maximizes the displacement of the center of mass of the crawler
given a fixed amount of energy input is a traveling wave across
the crawler body. Our findings provide a precise connection
between the anchoring phase of a crawler to the retrograde and
prograde distinction seen in peristaltic waves among various
organisms [1,2]. Finally, we derive a scaling relation between
the crawling speed and body mass, explaining experimental
data performed on N = 41 earthworms with three orders of

magnitude body mass variations. Our framework is limited
to axial deformations of crawlers and does not account for
gaits as lateral undulation in snakes and out-of-plane motion
in inchworms [1]. These undulatory gaits can be thought of
as a transition from axial to bending deformations caused
by buckling of the crawler [31,32]. Our results apply to the
analysis and control of crawling continuum robots [33], with
relevance from medical to industrial applications [34,35] because of their high maneuverability and compliant material
response [26].
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S1.1

∗1

Department of Physics, University of California San Diego

EOM in Lagrangian frame

Here we describe the dynamics of the limbless crawler (Eq. 2) in the Lagrangian frame. The velocity
of a body segment is given by
v(x = ζ(s, t), t) =

dζ(s, t)
= ∂t ζ(s, t).
dt

(S1)

Strain is given by E(ζ(s, t), t) = ∂(ζ(s,t)−s)
= ζs (s, t) − 1, elastic stress is given by k(ζs (s, t) − 1),
∂s
the active stress is given by m(ζ(s, t), t) = m(s, t) and the frictional force is given by f (ζ(s, t), t) =
1
f (s, t) = −γ ζs (s,t)
p ζt (s, t). We can therefore rewrite (Eq. 2) as
γζt (s, t)ζs (s, t)a = ms (s, t) + kζss (s, t), a = 1 − p.

S1.2

Perturbation series analysis

Since (Eq. 3) is non-linear and analytically intractable, we use perturbative methods to derive analytical results. We assume small deformation for the continuum body, which lets us write strain as a
perturbation series
∞
X
ζs − 1 =
χi pi (s, t),
(S2)
i=1

where |χ| << 1 is the perturbation parameter. Using (S2) we define a perturbation series for ζ(s, t),
ζ(s, t) = s + h(t) +

∞
X
i=1

where

Rs
0

χi

s

Z

pi (s′ , t)ds′ = s + h(t) +

0

∞
X

χi β i (s, t),

(S3)

i=1

pi (s′ , t)ds′ = β i (s, t). We also expand m(s, t) in terms of a perturbation series as
0

m(s, t) = Γ (s, t) +

∞
X

χi Γi (s, t).

(S4)

i=1

The stress-free boundary condition implies m(s, t) + k(ζs (s, t) − 1) = 0 at s = 0, L. We analyze this
condition using perturbation series and separate out relation between m(s, t) and ζs (s, t) at different
orders of χ as follows
O(χ0 ) → Γ0 (0, t) = Γ0 (L, t) = 0,
O(χi ) → Γi (0, t) + kβsi (0, t) = Γi (L, t) + kβsi (L, t) = 0; 0 < i ∈ N+ .

S1.3

(S5)

Crawler dynamics at different orders in χ

We expand (Eq. 3) as a perturbation series using (S4) and (S3), and analyze the equation of motion
at different orders of χ.
∗
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S1.3.1

O(χ0 )

At zeroth order in χ, (Eq. 3) is given by
− γht (t) + Γ0s (s, t) = 0.

(S6)

Since Γ0s (s, t) = Γ0s (t) = γht (t), we can write Γ0 (t) = sγht (t) + c(t). From (S5) we know that
Γ0 (s = 0/L, t) = 0 which implies c(t) = ht (t) = 0 and Γ0s (s, t) = 0. Therefore, at the zeroth order the
crawler doesn’t move and the gradients of active stress is zero.
S1.3.2

O(χ1 )

At the first order in χ, (Eq. 3) is given by
1
− γβt1 (s, t) + Γ1s (s, t) + kβss
(s, t) = 0.
RL
To analyze this equation we take a spatial average < · >L = L1 0 (·)ds to obtain

(S7)

1
− < γβt1 (s, t) >L + < Γ1s (s, t) + kβss
(s, t) >L = 0.

(S8)

Substituting (S5) in (S8), we obtain
< βt1 (s, t) >L = 0.

(S9)
RL

1
The center of mass (COM) velocity is given by ζtcom (t) = M
0 ρ0 ζt (s, t)ds, where ρ0 =
com
the total mass of the crawler. We can thus write ζt (t) as a perturbation series

ζtcom (t)

=

∞
X

M
L

and M is

χi < βti (s, t) >L ,

i=1

and observe that <
S1.3.3

βt1 (s, t)

>L = 0 implies no COM motion at O(χ1 ).

O(χ2 )

At the second order in χ, (Eq. 3) is given by
2
− γβt2 (s, t) − aγβt1 (s, t)βs1 (s, t) + Γ2s (s, t) + kβss
(s, t) = 0.

(S10)

As before, we take a spatial average of (S10) and use (S5) to obtain
< βt2 (s, t) >L = −a < βt1 (s, t)βs1 (s, t) >L .

(S11)

Therefore, the O(χ2 ) term of ζtcom (t) is the leading order term that contributes to the COM motion.

S1.4

Variational Problem

We seek the optimal m(s, t) as the solution of infinite-dimensional variational problem [1] which
maximizes the displacement of the COM with a given amount of energy supplied to the system. We
constraint the space of possible functions by enforcing the EOM and stress-free boundary conditions
with Lagrange multipliers, as described by the augmented functional
Z Z
Z TZ L
1 T L
ζt (s, t)dsdt + α(
ms (s, t)ζt (s, t)dsdt − V )
S(ζt , ζs , ζss , ms ) =
L 0 0
0
0
|
{z
} |
{z
}
δζ com

Z

T

Z

+
|0

0

L

energy input constraint

Z T
λ(s, t)(−γζt ζsa + ms + kζss )dsdt +
θ1 (t)(m(0, t) + k(ζs (0, t) − 1))dt
0
{z
} |
{z
}
EOM

stress-free boundary condition

Z
+
|0

T

θ2 (t)(m(L, t) + k(ζs (L, t) − 1))dt. (S12)
{z
}
stress-free boundary condition

Here α, λ(s, t), θ1 (t) and θ2 (t) are Lagrange multipliers. To make this problem analytically tractable,
we expand each term as a perturbation series and rewrite it using the corresponding non-zero leading
order terms.
2

S1.4.1

COM displacement

From (S1.3.2), the COM displacement is given by
δζ

com

Z
=

T

ζtcom (t)dt

∞
T X

Z
=
0

0

i

χ <

βti (s, t′ )

i=1

1
>L dt =
L
′

T

Z

∞
LX

Z

0

0

χi βti (s′ , t′ )dt′ ds′ .

i=1

We showed that the zeroth-order term and the spatial average of βt1 (s, t) are zero. Therefore the
leading order non-zero dynamics is given by the O(χ2 ) term. We use (S11) to write < βt2 (s, t) >L in
terms of first-order variables as
Z Z
Z Z
−aχ2 T L 1
χ2 T L 2
3
com
(S13)
δζ
=
β (s, t)dsdt + O(χ ) =
βt (s, t)βs1 (s, t)dsdt + O(χ3 ).
L 0 0 t
L
0
0
−a
L

We are thus interested in maximizing
contributions.
S1.4.2

RT RL
0

0

βt1 (s′ , t′ )βs1 (s′ , t′ )ds′ dt′ and we ignore the higher order

Energy constraint

We need to constrain the energy input, which we assume is transferred to the system through the
application of active stress. Therefore the energy input into the system can be written as the work
done by the active stress
Z

T

Z

L

ms (s, t)ζt (s, t)dsdt = V,

Work Done by m(s, t) =
0

0

where V is the total energy available. We series expand ms (s, t) and ζt (s, t) and take the lowest order
contributions, and write V as perturbation series to obtain
χ

2

Z

T

L

Z

0

Γ1s (s, t)βt1 (s, t)dsdt

0

3

+ O(χ ) =

i=∞
X

χi V i .

i=0

We therefore constraint the equation to the lowest non-zero order given by
Z
0

S1.4.3

T

Z

L

Γ1s (s, t)βt1 (s, t)dsdt = V2 = H.

(S14)

0

EOM constraint

δζ com and energy constraint involve integrals in βt1 (s, t), βs1 (s, t), Γ1s (s, t) which are not independent
but are connected by the EOM in O(χ1 )
1
− γβt1 (s, t) + Γ1s (s, t) + kβss
(s, t) = 0.

(S15)

We encode this dependence as a constraint using a Lagrange multiplier.
S1.4.4

Stress-free boundary conditions

Since the boundaries of the body are free, we have assumed stress-free boundary conditions (S5). This
constraints the boundary dynamics to
Γ1 (0, t) + kβs1 (0, t) = Γ1 (L, t) + kβs1 (L, t) = 0.
We constraint only O(χ1 ) in the stress-free boundary conditions (S5) since δζ com and energy constraint
involve integrals in βt1 (s, t), βs1 (s, t), Γ1s (s, t) (S13, S14).

3

S1.4.5

Augmented functional using perturbation series quantities

1 , Γ1 ) at the first order perturbation terms is given by
The augmented functional S = S(βt1 , βs1 , βss
s

−a
S=
L
|

Z

T

L

Z

0

Z

0

{z

}

T

Z

+
0

L

Z

0
δζ com

Z

T

βt1 (s, t)βs1 (s, t)dsdt + α(

0

|

Γ1s (s, t)βt1 (s, t)dsdt − H)
{z
}

energy input constraint

L

λ(s, t)(−γβt1 (s, t)

+
{z

0

|

Γ1s (s, t)

+

1
kβss
(s, t))dsdt +

0

}

EOM

|
Z

+
|0

S1.5
S1.5.1

T

Z

θ1 (t)(Γ1 (0, t) + kβs1 (0, t))dt
{z
}

stress-free boundary condition

T

θ2 (t)(Γ1 (L, t) + kβs1 (L, t))dt. (S16)
{z
}
stress-free boundary condition

Solving the Variational Problem
Extremum Equations

The augmented integrand of (S16) is given by
1
L̃(βt1 , βs1 , βss
, Γ1s ) =

−a 1
1
β (s, t)βs1 (s, t) + αΓ1s (s, t)ζt (s, t) + λ(s, t)(−γβt1 (s, t) + Γ1s (s, t) + kβss
(s, t)).
L t

To find the integral extremizers, we seek the solutions that satisfy δS = 0, which can be computed
from the Euler-Lagrange equations [1]
−

1
d ∂ L̃
d ∂ L̃
d2 ∂ L̃
2aβts
−
+
=
0
→
− αΓ1ts − γλt − kλss = 0,
1
ds ∂βs1 dt ∂βt1 ds2 ∂βss
L

(S17)

d ∂L
1
= 0 → αβts
− λs = 0.
ds ∂Γ1s

(S18)

−

The natural boundary conditions of the variational problem accounts for the last two terms in (S16),
and are given by
∂ L̃
= −kθ1 (t)
1
∂βss

∂ L̃
∂ L̃
1 ∂ L̃
= −θ1 (t) →
=
⇒ βt1 (0, t) = 0 ∀t,
1
1
1
∂Γs
∂Γs
k ∂βss

(S19)

∂ L̃
= −kθ2 (t)
1
∂βss

∂ L̃
∂ L̃
1 ∂ L̃
= −θ2 (t) →
=
⇒ βt1 (L, t) = 0 ∀t,
1
∂Γ1s
∂Γ1s
k ∂βss

(S20)

d ∂ L̃
∂ L̃
a
=
⇒ kλs (L, t) = βt1 (L, t) ∀t,
1
1
ds ∂βss
∂βs
L
d ∂ L̃
∂ L̃
a
=
⇒ kλs (L, t) = βt1 (L, t) ∀t.
1
1
ds ∂βss
∂βs
L
S1.5.2

Solving the Extremum equations

Solving (S18) we obtain
βt1 (s, t) =

λ(s, t) + g(t)
.
α

(S21)

Using (S15) and (S21), we have
αΓ1ts (s, t) = γλt (s, t) + γgt (t) − kλss (s, t).

4

(S22)

Substituting (S22) in (S17) we get,
λt (t) +

gt (t)
a
a
g(t)
=
λs (s, t) → λ̃t (s, t) =
λ̃s (s, t); λ̃(s, t) = λ(s, t) +
.
2
Lγα
Lγα
2

Since λ̃(s, t) satisfies a first-order wave equation, we can write the solution of λ(s, t) = −g(t)
2 + f (s + ct)
a
where c = Lγα . The shape of the travelling wave solution of λ(s, t) is given by f (x) . Substituting the
functional form of λ(s, t) in βt1 (s, t) we get,
βt1 (s, t) =

f (s + ct) +
α

g(t)
2

.

(S23)

g(t)
= − < f (s + ct) >L .
2

(S24)

Since < βt1 (s, t) >L = 0, we obtain

Substituting (S24) in (S23) and assuming that the crawler starts from an unstretched configuration,
we obtain
f (s + ct)− < f (s + ct) >L
βt1 (s, t) =
,
(S25)
α
f (ct + s) − f (s)
βs1 (s, t) =
.
(S26)
vα
We substitute (S25) and (S26) in (S15) to solve for Γ1 (s, t) and obtain
Z s
Z
s L
k
γ
′
′
f (s + ct)ds −
f (s′ + ct)ds′ ) −
(f (ct + s) − f (ct) − (f (s) − f (0))) + Γ(0, t).
Γ (s, t) = (
α 0
L 0
cα
1

We further use (S5) to simplify Γ1 (s, t) and obtain the optimal active stress distribution
Z s
Z
γ
s L
k
m(s, t) = χ( (
f (s′ + ct)ds′ −
f (s′ + ct)ds′ ) −
(f (ct + s) − f (s))) + O(χ2 ).
α 0
L 0
cα

S1.6

(S27)

Spectral Analysis of the extremizing solution

To analyze the optimal solution obtained, we write the variables in terms of Fourier series. We can
write βt1 (s, t) as a Fourier series in s ∈ [0, L]
βt1 (s, t)

= a0 (t) +

n=∞
X

an (t) sin(qn s) + bn (t) cos(qn s), qn =

n=1

2πn
.
L

(S28)

Since < βt1 (s, t) >L = 0, we have a0 (t) = 0. We evaluate both (S25) and (S28) at t = 0 to find the
Fourier series expansion of f (s)
f (s) =< f (s) >L +α

n=∞
X

an (0) sin(qn s) + bn (0) cos(qn s).

n=1

In the following equations, we use an = an (0) and bn = bn (0). The Fourier series expansions for
βt1 (s, t), βs1 (s, t) and Γ1 (s, t) are given by
βt1 (s, t) =

n=∞
X

an sin(qn s + qn ct) + bn cos(qn s + qn ct),

(S29)

n=1
n=∞

1 X
an (sin(qn (s + ct)) − sin(qn s)) + bn (cos(qn (s + ct)) − cos(qn s)),
βs1 (s, t) = (
c
n=1

5

(S30)

n=∞
X

Γ1 (s, t) = γ(

(sin(qn (s + ct)) − sin(qn ct))
(cos(qn ct) − cos(qn (s + ct)))
+ bn
)
qn
qn

an

n=1

n=∞

k X
− (
an (sin(qn (s + ct)) − sin(qn s)) + bn (cos(qn (s + ct)) − cos(qn s))). (S31)
c
n=1

We define the initial kinetic energy KEinitial = ∆0 + χ∆1 + χ2 ∆2 + O(χ3 ), which can be computed as
L

Z
KEinitial =
0

ρ0 2
1
ζt (s, 0)ds = χ2
2
2L

Z

L

(βt1 (s, 0))2 ds + O(χ3 ) ≈ χ2

0

n=∞
1 X 2
(an + b2n ) + O(χ3 ).
4
n=1

We
consider the lowest non-zero order for our analysis, therefore we get ∆0 = 0, ∆1 = 0 and ∆2 =
1 Pn=∞ 2
2
com (t) (S13) and the total energy
n=1 (an + bn ). We can now use this representation to calculate δζ
4
input (S14) into the system as follows
−a
L

δζ com (t) =
Z

T

Z

H=
0

S1.7

Z tZ
0

L

βt1 (s, t)βs1 (s, t)dsdt = −2Lγαt∆2 +

0

n=∞
L3 γ 2 α2 X
2nπta a2n + b2n
sin( 2
)(
), (S32)
4πa
L γα
n
n=1

L

Γ1s (s, t)βt1 (s, t)dsdt = 2LγT ∆2 +

0

n=∞
X
2L3 γ 2 kα2
2nπT a (a2n + b2n )
(∆
−
cos(
)
).
2
a2
L2 γα
4

(S33)

n=1

Comparing perturbation series solutions with complete nonlinear equation

We check the validity of our perturbation series solution by comparing the motion of the center of mass
with the one of the full nonlinear system for various values of perturbation parameter χ. Specifically,
we compare the numerical result of the complete nonlinear EOM (Eq. 3) with the analytical result
derived from perturbation theory (S32). Fig. S1 shows the validity of our analytical prediction and
its increasing accuracy for decreasing χ. In our analysis, we used the following set of parameters,
a = −1, γ = 1, k = 1, H = 0.5, L = 1, T = 1, a1 = 1, an̸=1 = 0, bn = 0 ∀ n ∈ N+ , n > 0.

S1.8

Scaling relations

We use (Eq. 7) and (Eq. 6) to study the scaling of the energy-efficient crawling gait given by Theorem
a
1 with the body mass M . Using (Eq. 7), and substituting α = Lγc
, the average crawling speed U
normalised to the body length L across a time period T of the gait is given by
U=

δζ com
2acA2
=−
,
LT
L

A2 =

χ2 ∆2
.
c2

(S34)

Using (Eq. 8), we see that A scales with the strain amplitudes χac n and χbcn . Therefore, the average
crawling speed scaling arises from the scaling of the strain amplitudes in the crawler and the scaling
in the wave speed c. Here we assume that the modulation of friction by strain (Eq. 1) is independent
of the body size, therefore a does not scale with the body size.
A relevant quantity used to compare the energy cost of a gait across a wide range of body sizes
is the cost of transport (COT) [2]. COT is the energy required to move a unit mass per unit distance.
For the crawler gait described by Theorem 1, COT is given by
COT =

V
.
M δζ com

(S35)

The total energetic cost during a time period T (Eq. 6) is given by
V = 2Lγc2 T (

χ2 ∆
) = 2Lγc2 T A2 .
c2
6

(S36)

Figure S1: Comparison of numerical solution of COM displacement using the complete nonlinear EOM
(Eq. 3) and the perturbation solution (PS) (S32) for different values of χ. The numerical solution
and the perturbation solution converges as χ becomes smaller.
From (S36) and (Eq. 7), the COT is given by
COT =

−Lγc
.
Ma

(S37)

Since we assume an elastic response from the crawler body, the strain amplitude is constrained by
the maximum tensile stress that needs to be lower than the maximum stress exerted by muscles,
independent of the body size and dependent on the body material. Therefore we have A ∝ M 0 . We
1
assume that the crawler grows isometrically. Therefore all length dimensions scale as M 3 [2]. The
frictional coefficient per unit length scales with the width of the surface of the crawler in touch with
1
the substrate, i.e. γ ∝ M 3 . Finally, we write the wave speed c = Lν, where ν is the stride frequency.
From the above arguments, U scales as
U ∝ ν,
(S38)
and the COT as
COT ∝ ν.

S1.9

(S39)

Comparison with results presented in [3]

[3] shows the optimality of peristaltic waves for limbless crawlers using a discrete description. In
contrast to the results in [3], which assume a periodic infinite system, we derive the optimal gait
under stress-free boundary conditions for a finite-length crawler (S12). We also do not impose timeperiodicity on our optimization problem as is assumed in [3], but it emerges naturally in the solution.
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